Solitonic Strings and BPS Saturated Dyonic Black Holes by Cvetic, Mirjam & Tseytlin, Arkady A.
ar
X
iv
:h
ep
-th
/9
51
20
31
v3
  5
 N
ov
 1
99
6
IASSNS-HEP-95/102, Imperial/TP/95-96/14, hep-th/9512031
Solitonic Strings and BPS Saturated Dyonic Black Holes
Mirjam Cveticˇ1∗ and Arkady A. Tseytlin2†
1 School of Natural Science
Institute for Advanced Study, Princeton, NJ 08540, U.S.A.,
2 Theoretical Physics Group, Blackett Laboratory
Imperial College, London SW7 2BZ, U.K.
(December 1995)
Abstract
We consider a six-dimensional solitonic string solution described by a con-
formal chiral null model with non-trivial N = 4 superconformal transverse
part. It can be interpreted as a five-dimensional dyonic solitonic string wound
around a compact fifth dimension. The conformal model is regular with the
short-distance (‘throat’) region equivalent to a WZW theory. At distances
larger than the compactification scale the solitonic string reduces to a dyonic
static spherically-symmetric black hole of toroidally compactified heterotic
string. The new four-dimensional solution is parameterised by five charges,
saturates the Bogomol’nyi bound and has nontrivial dilaton-axion field and
moduli fields of two-torus. When acted by combined T - and S-duality trans-
formations it serves as a generating solution for all the static spherically-
symmetric BPS-saturated configurations of the low-energy heterotic string
theory compactified on six-torus. Solutions with regular horizons have the
global space-time structure of extreme Reissner-Nordstro¨m black holes with
the non-zero thermodynamic entropy which depends only on conserved (quan-
tised) charge vectors. The independence of the thermodynamic entropy on
moduli and axion-dilaton couplings strongly suggests that it should have a
microscopic interpretation as counting degeneracy of underlying string con-
figurations. This interpretation is supported by arguments based on the corre-
sponding six-dimensional conformal field theory. The expression for the level
of the WZW theory describing the throat region implies a renormalisation of
the string tension by a product of magnetic charges, thus relating the entropy
and the number of oscillations of the solitonic string in compact directions.
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I. INTRODUCTION
String theory is bound to have important implications for the physics of four dimensional
black holes. It is likely that certain fundamental properties of ‘realistic’ black holes can be
understood by studying a special class of supersymmetric Bogomol’nyi-Prasad-Sommerfield
(BPS) saturated backgrounds which for large enough supersymmetry do not receive quan-
tum corrections. Examples of such backgrounds are provided by pure electrically or pure
magnetically charged solutions [1] of lowest-order effective field theory (for a review see [2]
and references therein).
To embed an effective field theory solution into string theory one is to find the corre-
sponding world-sheet conformal σ-model whose couplings reduce to the given background
fields at scales larger than the compactification and string scales (see, e.g., [3] and references
therein). Thus, four-dimensional effective field theory backgrounds generically appear to
be only large-distance approximations to higher-dimensional string solutions. In particular,
all supersymmetric (BPS-saturated) electric black hole solutions of toroidally compactified
heterotic (or type II superstring) theory [4] correspond to conformal chiral null σ-models
[5,6,7,8,9].
The latter can be interpreted as describing higher-dimensional fundamental string back-
grounds, i.e. external long-range fields produced by stable classical string sources of el-
ementary closed strings, which are in general charged, oscillate in one, e.g., left-moving,
sector and are wound around a compact spatial dimension [10,11,8,9]. The leading-order
solution is singular at the core1 but α′-corrections most likely provide an effective smearing
of the δ-function source at the quantum string scale
√
α′ [12].2 What appears to a dis-
tant four-dimensional observer as an extreme electric black hole has actually an internal
structure of a higher-dimensional fundamental string. This interpretation suggests a natu-
ral way of understanding the thermodynamic black-hole entropy in terms of degeneracy of
string configurations [14], which give rise to black holes with the same values of asymptotic
charges [8,9]. For example, a higher-dimensional string ‘oscillating’ in a compact internal
direction reduces to a family of black holes with the same asymptotic charges but differ-
ent non-vanishing massive Kaluza-Klein fields which are invisible at scales larger than the
compactification scale.3
In order to make this qualitative picture quantitative, i.e. to compute the black hole
entropy directly from string theory, one has to address the question of string loop and α′
corrections. A nice property of the extreme electric black hole (fundamental string) solution
is that the dilaton, i.e. the effective string coupling, goes to zero as one approaches the
1In fact, it remains singular to all orders in α′ if one chooses to ignore the source altogether what,
from the world-sheet σ-model point of view, formally seems to be a legitimate alternative [6,3].
2In addition, a first-principle conformal field theory interpretation of solutions with string sources
should probably involve a ‘thin handle’-type resummation of string loop expansion [13].
3In order to try to reproduce the black hole entropy as a statistical entropy (ln d(N)) it is important
that the oscillating object should be a string-like, i.e. having an exponentially growing number
d(N) of states at a given oscillator level N ; it is not enough to consider just a Kaluza-Klein theory.
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origin, so that string loop corrections may be ignored. This is not true, however, for the
α′-corrections since the curvature of the leading-order solution blows up near the origin. The
expectation [12] that α′-corrections should smear the singularity of the fundamental string
solution at scales of order
√
α′ is in this context closely related to the suggestion [14] that the
thermodynamic black-hole entropy, which vanishes when evaluated at the singular horizon
(r = 0) of the leading-order effective field theory solution, should instead be computed at
the ‘stretched’ horizon at r =
√
α′ [15]. The resulting expression then matches the statistical
string entropy [14,16]. Though very plausible, it may be hard to implement this idea in a
first-principle calculation of the entropy.
Magnetically charged supersymmetric extreme black holes have very different properties.
The leading-order solution [1] has a non-singular string metric with the origin at r = 0
being transformed into a ‘throat’ region. Now α′-corrections can be ignored provided the
magnetic charge P is large, i.e. P >>
√
α′. Indeed, these configurations have the string-
theory representation [17,18] in terms of a higher-dimensional string soliton, with magnetic
charge having Kaluza-Klein origin (for a review, see [19,20] and references therein). They
are described by a regular, source-free superconformal field theory [21] which reduces in the
throat region to a Wess-Zumino-Witten (WZW) model supplemented with a linear dilaton.
For that type of magnetic solitons the dilaton blows up near the origin, and thus string loop
corrections cannot be ignored. This prevents one from computing the black-hole entropy
by counting different solitonic configurations with the same four-dimensional large-distance
behaviour.
Given the fact that the presence of an electric charge seems to regularise the short-
distance behaviour of the dilaton while the presence of a magnetic charge leads to a regular
string metric, one may speculate that to obtain solutions, where both string loop and α′
corrections are under control, both electric and magnetic charges should be non-vanishing.
Remarkably, this is indeed what happens in the case of four-dimensional supersymmetric
dyonic black hole solutions [22,23] of leading-order effective field equations corresponding to
toroidally compactified heterotic string (see also [24] for a review and references). At the
string-theory level they correspond to the world-sheet conformal theory [25] which is a hybrid
of ‘electric’ chiral null model and ‘magnetic’ N = 4 superconformal model, thus combining
the best features of the pure electric and pure magnetic models. This conformal theory
describes a higher (D ≥ 6) dimensional string soliton with all the background fields regular
everywhere (for r ≥ 0). The magnetic charge plays the role of a short-distance regulator,
providing an effective shift r → r + P , analogous to the shift r → r + √α′ expected to
happen in the exact fundamental string solution.
As in the purely magnetic case, the short-distance region is a throat described by a
regular WZW-type conformal field theory, but now with a constant dilaton. In fact, the
dilaton varies smoothly between constant values at large and small distances and its r = 0
value is given by the ratio of the magnetic and electric charges. The approximate constancy
of the dilaton ensures that the resulting four-dimensional dyonic black holes are black holes
indeed; these solutions have the global space-time structure of extreme Reissner-Nordstro¨m
black holes.
As a result, it may be possible to choose the charges so that both the world-sheet α′
and the string loop corrections remain small everywhere, thus suggesting that in the case
of dyonic charges one should be able to reproduce the expression for the black hole entropy
by a semiclassical computation. Indeed, the thermodynamic entropy determined by the
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area of the horizon is now proportional to the product of the electric and magnetic charges
and thus is no longer vanishing. By analogy with the corresponding counting of degenerate
(fundamental string) states for purely electric black holes [14,8,9] one may expect that the
entropy should now have an interpretation in terms of counting of degenerate solitonic string
states [26].
To implement this suggestion it is important to understand which solitonic string states
correspond to a given set of asymptotic dyonic black hole charges. One should be able to do
this by starting directly with the underlying conformal field theory of the dyonic soliton. As
we shall argue below, for large magnetic charges the level of the WZW-type conformal field
theory which describes the horizon (throat) region is large and thus the counting of states
should be the same as in flat space up to a renormalisation of the string tension by magnetic
charges, as anticipated in [26]. As a result, one indeed reproduces the thermodynamic
entropy by semiclassical, string-theory considerations.
The dyonic model studied in [25] was a six-dimensional supersymmetric chiral null model
with curved transverse part which is a hybrid of the five-dimensional fundamental-string
type model (giving rise upon dimensional reduction along the compact ‘string’ direction to
extreme black holes with Kaluza-Klein (Q1) and two-form (Q2) electric charges) and an
N = 4 superconformal model (which generalises both the Kaluza-Klein monopole (P1) and
the H-monopole (P2) models). It has a remarkable covariance property with respect to T -
duality in the two compactified dimensions and with respect to S-duality, interchanging the
electric and magnetic couplings. To get a better understanding of general features of this
class of solitonic conformal models, in particular, of their possible marginal perturbations,
we shall generalise the model of [25] to include one extra coupling function, specifying the
electric charge (q) of the solitonic string (Section II). The throat region of the resulting
background is described by (an orbifold of) the six-dimensional SL(2, R) × SU(2) WZW
model with the level proportional to the product of the two magnetic charges P1P2. The
relation to the WZW model also implies quantisation conditions on charges (Section II.B).
In the simplest spherically-symmetric case the corresponding four-dimensional dyonic
solution (Section III) is parameterised by the two magnetic P
(1)
1 = P1, P
(2)
1 = P2 and the
two electric Q
(1)
2 = Q1, Q
(2)
2 = Q2 charges and by one new parameter q specifying the electric
charges Q
(1)
1 = −Q(2)1 = q (the upper and lower indices 1, 2 indicate the Kaluza-Klein and
two-form U(1) gauge fields and the first and the second compactified toroidal coordinates,
respectively).
Like its q = 0 limit, corresponding to the four-parameter solution of [22,23], the five-
parameter dyonic solution saturates the Bogomol’nyi bound. It has a non-trivial dilaton,
axion and moduli fields of the compactified two-torus and serves, when acted by the T - and
S-duality transformations, as a generating solution for all the static spherically-symmetric
BPS-saturated solutions of the effective heterotic string compactified on six-torus. These
solutions are parameterised by unconstrained 28 electric and 28 magnetic charges (Section
IV). Solutions with regular event horizons have the Reissner-Nordstro¨m global space-time
with zero temperature and non-zero thermodynamic entropy. We derive the general T - and
S- duality invariant expression for the entropy, which depends only on conserved (quantised)
electric and magnetic charges and is independent of the asymptotic values of the dilaton-axion
and moduli fields. This result supports the expectation [26] that the entropy is counting the
number of string degrees of freedom which should not change under adiabatic variations of
couplings of the theory.
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The statistical interpretation of the entropy is discussed in Section V by considering the
string-theory (conformal model) interpretation of the five-parameter solution. We present
an argument relating the thermodynamic entropy to the statistical entropy which counts the
degeneracy of the dyonic solitonic string configurations ‘oscillating’ in a compact direction.
Our approach generalises the suggestion of [26] and explains the renormalisation of string
tension by magnetic charges by direct consideration of the underlying conformal model in
the horizon (throat) region.
II. SIX DIMENSIONAL SOLITONIC STRING CONFORMAL MODEL
The string soliton we are going to discuss is described by a supersymmetric chiral
null model with curved transverse space. The chiral null models [6,3] are a class of two-
dimensional (2d) σ-models which generalize both plane wave type and fundamental string
type models and are defined by the following string Lagrangian:4
L = F (x)∂u
[
∂¯v +K(u, x)∂¯u+ 2Ai(u, x)∂¯xi
]
+ (Gij +Bij)(x)∂x
i∂¯xj +RΦ(x) . (1)
Here u, v are ‘light-cone’ coordinates, xi are ‘transverse space’ coordinates. xi = (xs, yn)
where xs (s = 1, 2, 3) are three non-compact spatial coordinates and yn are toroidally com-
pactified (Kaluza-Klein) coordinates which may also include the chiral scalar coordinates
of the internal 16-torus of the heterotic string. R ≡ 1
4
α′
√
g(2)R(2) is proportional to the
world-sheet curvature. One can also consider generalisations of this model by including
u-dependence in functions Φ, F , Gij , Bij. Examples of such conformal σ-models (1) with
u-dependent Φ [6,3], F [8] and Gij, Bij [27] were considered in the literature.
There exists a renormalisation scheme in which (1) is conformal to all orders in α′ pro-
vided (i) the ‘transverse’ σ-model (Gij +Bij)∂x
i∂¯xj is conformal when supplemented with
a dilaton coupling φ(x) and (ii) the functions F−1, K,Ai,Φ satisfy the following conditions
(as in [25] we shall assume that the transverse theory has N = 4 extended world-sheet
supersymmetry so that the conformal invariance conditions preserve their one-loop form):
−1
2
∇2F−1 + ∂iφ∂iF−1 = 0 , −1
2
∇2K + ∂iφ∂iK + ∂u∇iAi = 0 , (2)
−1
2
∇ˆiF ij + ∂iφF ij = 0 , i.e. ∇i(e−2φF ij)− 1
2
e−2φFikH ikj = 0 , (3)
4We shall use the following notation. The string world-sheet action is normalised
so that I = (πα′)−1
∫
d2σ∂x∂¯x = (4πα′)−1
∫
d2σ∂ax∂
ax. The string effective ac-
tion is S10 = c
∫
d10x
√−Ge−2Φ(R + ...) and after reduction to four dimensions S4 =
(16πGN )
−1 ∫ d4x√−G′e−2Φ′(R′ + ...), where the D = 4 dilaton Φ′(x) will be assumed to have
trivial asymptotic value, eΦ
′(x→∞) = 1 (so that both string-frame and Einstein-frame D = 4 met-
rics approach ηµν at infinity), with e
Φ′
∞ being absorbed in the Newton’s constant GN =
1
8e
2Φ′
∞α′.
In Sections III and IV we shall set α′ = 2 and the compactification radii Rn =
√
α′ =
√
2. In
Section III we shall also assume that eΦ
′
∞ = 1, i.e. that GN = 1/4.
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with
∇ˆ ≡ ∇(Γˆ) , Γˆijk = Γijk +
1
2
H ijk , Fij ≡ ∂iAj − ∂jAi , Φ = φ+
1
2
lnF , (4)
where ∇i is covariant derivative defined with respect to the transverse metric Gij and Hijk =
3∂[iBjk]. The Maxwell-type equation for Fij is the conformal invariance condition in the
(uxi)-direction. The linear equations for K and Ai can be viewed as marginality conditions
on the corresponding ‘perturbations’ of the conformal model specified by F,Gij, Bij, φ.
Given a u-independent solution of the above equations one can construct its u-dependent
generalisation, e.g., by replacing the constant parameters in K and Ai by functions of u, i.e.
K(x; c)→ K(x; c(u)), and Ai(x; q)→ hi(u)+Ai(x; q(u)). If ∂u∇iAi 6= 0 the function hi will
be related to K by the second equation in (2). In the case of the fundamental string solution
with u = x9−t, v = x9+t, and Gij+Bij = δij this corresponds to adding [28,6,8,9] traveling
waves of momentum along the string as well as arbitrary left-moving oscillations both in
compact yn (charge) directions and non-compact spatial directions xs. Such solutions are in
correspondence with BPS-saturated states of the heterotic string spectrum at the vacuum
level in the right-moving sector (right-moving oscillator number NR =
1
2
) and an arbitrary
level in the left-moving sector (arbitrary left-moving oscillator number NL) [8,9].
Let us now specialise to the particular case of six-dimensional σ-model (1) of the type:
L = F (x)∂u
(
∂¯v +K(x)∂¯u+ 2A(x)[∂¯x4 + as(x)∂¯x
s]
)
+
1
2
R lnF (x) + L⊥ , (5)
L⊥ = f(x)k(x)[∂x
4 + as(x)∂x
s][∂¯x4 + as(x)∂¯x
s] + f(x)k−1(x)∂xs∂¯xs
+ bs(x)(∂x
4∂¯xs − ∂¯x4∂xs) +Rφ(x) , (6)
where xs = (x1, x2, x3) are three non-compact spatial dimensions, while x4 and u will be
compact coordinates. We shall assume that all the fields depend only on xs and f, k, as, bs, φ
are subject to5
∂s∂
sf = 0, ∂s∂
sk−1 = 0, (7)
∂pbq − ∂qbp = −ǫpqs∂sf, ∂paq − ∂qap = −ǫpqs∂sk−1, φ = 1
2
ln f, (8)
where p, q, s = 1, 2, 3.
In (5) we have made a special choice of the field Ai:
5More generally, one may consider a similar six-dimensional model with the functions depending
on all four transverse coordinates. Special cases will be the six-dimensional fundamental string
(F−1 = 1 + Q/x2, K = f = k = 1) [11], its S-dual solitonic string solution [20,29,30] (F = K =
1, A = 0, f = 1 + P/x2, k = 1) which also corresponds to a six-dimensional reduction of the
five-brane solution [21,31] of the ten-dimensional theory and the dyonic six-dimensional string [32]
(F−1 = 1 +Q/x2, f = 1 + P/x2, k = K = 1).
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As = Aas, A4 ≡ A, (9)
which makes the model covariant under the duality transformation in the x4-direction. The
2d duality transformation x4 → x˜4 can be performed by gauging the shifts in x4, adding
B∂x˜4− B¯∂x˜4, gauge-fixing x4 = 0 and integrating out B and B¯. One finds that indeed this
duality transformation maps the model (5) into itself with6
f → k−1 , k → f−1 , as → bs , bs → as , A→ (fk)−1A , (10)
where we have assumed that a[pbq] = 0. The choice of Ai (9) also leads to the absence of a
Taub-NUT term in the metric of the corresponding four-dimensional spherically-symmetric
background.
Let us note that case of six target space dimensions is special in that here the duality
transformation applied to a rank-two antisymmetric tensor gives again a rank-two tensor
and thus can be represented as a formal map of one string σ-model into another. In contrast
to T -duality, however, this transformation cannot be realised directly at the world-sheet
level.7 As was pointed out in [25], the model (5),(6) with A = 0 has a remarkable covariance
property under the six-dimensional S-duality (G → e−2ΦG, dB → e−2Φ ∗ dB, Φ → −Φ):
when formally applied to the background fields of the σ-model this transformation simply
interchanges the functions F and f . When A 6= 0 the above six-dimensional model is still
covariant under the T -duality in x4 and u directions. However, it is no longer covariant
under the S-duality. The reason is that for A 6= 0 the components Hu4s and Hupq of the
torsion become non-vanishing but under the duality they are transformed into H ′v4s and
H ′vpq. That means that the S-duality induces the torsion terms ∼ ∂v∂x4 and ∼ ∂v∂xs in
the σ-model action. Though the resulting background will again represent a leading-order
solution of the string effective equations, now it is not clear whether it will remain an exact
solution to all orders in α′.
The conditions (2) on F,K and on Ai (i.e. on A) can be put into the form
∂s∂
sF−1 = 0 , ∂s∂
sK = 0 , (11)
∂s(k
−1f−1∂sA) + k−1∂sk∂
s(k−1f−1)A = 0 , i.e. ∂s[k
−3f−1∂s(kA)] = 0 . (12)
In deriving (12) from (3) we have used that as, bs satisfy (8) and that f and k
−1 are harmonic.
The model is thus parameterised by four harmonic functions F−1, K, f, k−1 and the function
A satisfying (12). The functions as and bs are then determined by f, k according to (8).
6Note that under the duality in u-direction F → K−1, K → F−1, Φ(F ) → Φ(K−1) while other
functions remain unchanged.
7This transformation maps one solution (with vanishing vector fields) of the toroidally compact-
ified to six dimensions heterotic (or type II) string into another. In the context of string-string
duality between heterotic string on four-torus and type II string on K3 surface [33,34] this transfor-
mation should be supplemented by identification of the vector fields in the Neveu-Schwarz–Neveu-
Schwarz sector of the heterotic string with the the vector fields in the Ramond-Ramond sector of
the type II string.
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The model discussed above is a generalisation of the one introduced in [25] where the
fifth function A was turned off. Let us emphasize that unlike F,K and f, k terms, which
coexist in (5) without influencing the equations of each other, the introduction of the new
coupling A leads to the equation (12) which depends on the couplings f, k of the transverse
part of the σ-model (5).
A. Solution of conformal invariance conditions
While F−1, K, f, k−1 are independent harmonic functions, A is specified by (12) which
has the following solution:
A = q1k
−1 + q2f
2k, q1,2 = const. (13)
This is the general solution in the case of one-center spherically-symmetric harmonic func-
tions f, k−1. For more general f, k−1 , e.g., multi-center harmonic functions, the solution of
the linear equation (12) (which is equivalent to the scalar Laplace equation for kA in curved
three-dimensional space with conformally-flat metric ds23 = ρ
2(x)dxsdxs, ρ = k−3f−1) will
look more complicated.
If we further assume the asymptotic flatness conditions on the functions, i.e. that k →
1, f → 1, A→ 0 for r2 ≡ xsxs →∞, then (13) becomes
A = q0k(k
−2 − f 2), q0 = q1 = −q2. (14)
Note that under the T -duality transformation (10) the (q1, q2) solution for A is mapped into
the (q2, q1) solution, i.e. q0 in (14) changes sign.
In the special case of one-center harmonic functions we get the following explicit form of
the solution:8
F−1 = 1 +
Q2
r
, K = 1 +
Q1
r
, f = 1 +
P2
r
, k−1 = 1 +
P1
r
, (15)
A =
q
r
· r +
1
2
(P1 + P2)
r + P1
, (16)
asdx
s = P1(1− cos θ)dϕ , bsdxs = P2(1− cos θ)dϕ , (17)
e2Φ = Fe2φ =
r + P2
r +Q2
, (18)
where the parameter q is related to q0 of (14) as q ≡ 2q0(P1−P2). Note that the expression
for A in terms of q is valid also for P1 = P2, i.e. for fk = 1, when it becomes just the
harmonic function A = q/r. The one-center solution is thus specified by the five parameters
P1, P2, Q1, Q2 and q.
Let us note that for positive P2 and Q2 the string dilaton (18) is regular and is constant
both at large r → ∞ and small r → 0 distances. Thus one can, in principle, make the
effective string coupling small everywhere by choosing eΦ∞ < 1 and P2 ∼ Q2.
8The relation to the notation used in [25] is: Q1 = Q
(1)
2 , Q2 = Q
(2)
2 , P1 = P
(1)
1 , P2 = P
(2)
1 .
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B. Throat region
An important property of the six-dimensional σ-model (5),(6), (15)-(18) is that in con-
trast to the six-dimensional chiral null model with flat transverse part (f = k = 1) which
is singular at r = 0 (and describes a fundamental string type configuration), in the case of
non-trivial transverse part with non-vanishing parameters P1 > 0 and P2 > 0 the singularity
at the core r = 0 disappears. It gets replaced by a ‘throat’ or ‘semi-wormhole’ region [21].
In the throat region r → 0 the Lagrangian (5) (with the functions given by (15)-(18) and
P1, P2, Q1, Q2 all positive) takes the form
Lr→0 = P1P2∂z∂¯z + e
−z∂u∂¯v +Q1Q
−1
2 ∂u∂¯u+ 2Q
−1
2 q∂u[∂¯y1 + P1(1− cos θ)∂¯ϕ]
+ P−11 P2[∂y1 + P1(1− cos θ)∂ϕ][∂¯y1 + P1(1− cos θ)∂¯ϕ] + P1P2(∂θ∂¯θ + sin2 θ∂ϕ∂¯ϕ)
+ P2(1− cos θ)(∂y1∂¯ϕ− ∂¯y1∂ϕ), z ≡ − ln r
Q2
→∞ . (19)
In the case of q = 0 discussed in [25] we get a regular conformal model which, up to a
factorisation over a discrete subgroup, is the WZW theory based on a direct product of
the SL(2, R) and SU(2) groups.9 An important feature is that, in contrast to, e.g., the
five-brane model [21], here the dilaton (18) is constant in the throat region, i.e. the string
coupling is not blowing up and thus the solution can be trusted everywhere.10
For a non-zero q it looks as if the Lagrangian (19) describes a globally non-trivial ‘mix-
ture’ of the SL(2, R) and SU(2) theories. However, the central charge retains its free-theory
value, i.e. the dilaton Φ is still constant at r = 0, and it is easy to see that (19) can, in fact,
be put in the same form as in the q = 0 case [25] by redefining the coordinates. Changing
the notation for coordinates to u = y2, v = 2t, x4 = y1 where y1 and y2 will be assumed to
be circular coordinates with periods 2πR1 and 2πR2 we get (up to a total-derivative term
∝ q(∂y2∂¯y1 − ∂¯y1∂y2))
Lr→0 =
(
p∂z∂¯z + p′∂y˜2∂¯y˜2 + 2e
−z∂y˜2∂¯t˜
)
(20)
+ p
(
∂y˜1∂¯y˜1 + ∂ϕ∂¯ϕ+ ∂θ∂¯θ − 2 cos θ∂y˜1∂¯ϕ
)
.
Here
y˜1 = P
−1
1 y1 + qP
−1
2 y˜2 + ϕ, y˜2 = Q
−1
2 y2, t˜ = Q2t, p = P1P2, p
′ = Q1Q2 − q2P1P−12 . (21)
The role of q is thus to mix the two compact coordinates y1 and y2, i.e. in the throat region
q plays a role of a modulus, which turns on the off-diagonal components of the metric of the
two-torus corresponding to y1, y2.
9In the special case of P1 = P2, Q1 = Q2, q = 0 similar throat region model was considered
previously in [35].
10One manifestation of the regularity of the dilaton in this model is that the central charge of this
conformal field theory, which has a free-theory value in the supersymmetric σ-model case, can be
easily computed either in r =∞ or in r = 0 regions [25].
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The throat region model (20) is thus equivalent to a direct product of the SL(2, R) and
SU(2) WZW theories (corresponding to the terms in each of the parentheses in (20)) divided
by discrete subgroups. The levels of the SL(2, R) and SU(2) models are both equal to
κ =
4
α′
p =
4
α′
P1P2 . (22)
Since the level of SU(2) must be integer, we get the quantisation condition P1P2 =
1
4
α′κ.
When q = 0 one can follow [36,17] and construct an orbifold of SU(2) by identifying
the coordinate y˜1, which in the standard SU(2) WZW model must be 4π-periodic, in the
following way: y˜1 ≡ y˜1 + 4π/m, where m is an integer. This is possible provided11
2P1 = mR1 . (23)
Then the modular invariance of the orbifold SU(2)κ/Zm demands [36] that κ = nm where
n is an integer. Since here the level κ of SU(2) is itself proportional to the product of the
two magnetic charges, we also get the following quantisation condition for P2:
2P2 =
nα′
R1
. (24)
For q 6= 0 we demand that the coordinate y˜1 should still have the same period 4π/m and
get an additional condition 2P2Q2 = lmqR2, where l is an integer, i.e.
Q2
q
=
lm
n
=
lP1
P2
. (25)
T -duality in y2-direction, which implies Q1 → Q2, R2 → α′/R2, yields
Q1
q
=
l′m
n
=
l′P1
P2
. (26)
Thus the consideration of the throat region leads to the relations which mix the quantisation
conditions on q, Qn and Pn.
III. FOUR DIMENSIONAL DYONIC BLACK HOLES
The six-dimensional σ-model of the previous Section can be interpreted as describing a
dyonic five-dimensional (u, v, xs) solitonic string solution. The string has both electric (q)
charge (with the gauge field one-formAdu) and magnetic (P1) charge, both resulting from the
11The quantisation of P1 can also be understood as a consequence of the requirement of regularity
of the metric (∼ [dy1 + P1(1 − cos θ)dϕ]2 + ...) of the full six-dimensional model (5): to avoid
the Taub-NUT singularity one should be able to identify y1 with period 4πP1, which is possible if
2P1/R1 = m. By T -duality, the same constraint should also apply to P2, i.e. 2P2 = nR˜1 = nα
′/R1.
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couplings to the compact Kaluza-Klein x4 ≡ y1 direction. There is also a momentum (Q1)
along the string and a special perturbation (P2) in curved non-compact spatial directions
xs. The new coupling A preserves the same amount of the world-sheet supersymmetry of
the σ-model string action, and thus the same amount of the space-time supersymmetry of
the target space background, as in the case of A = 0 [25].
Like the fundamental string solution [10,11] (f = k = 1) can be viewed as a field of
stable elementary winding string mode in flat background, this solution may be interpreted
as representing a particular state of a dyonic string soliton. This interpretation is consis-
tent with the linear form of the equations for F−1, K,A (11),(12) which can be viewed as
conditions of marginality for (exact) perturbations of the six-dimensional model defined as
a direct product of the trivial chiral null (‘electric’) part, specified by u, v, and non-trivial
transverse (‘magnetic’) part, specified by xs, x4.
At the same time, this model has also a four-dimensional dyonic black hole interpretation.
We shall now derive the explicit expressions for the corresponding canonical four-dimensional
fields.
A. Dimensional reduction
Following [6], we set u = y2, v = 2t, x4 = y1 where y1, y2 are two compact toroidal
coordinates.12 One can rewrite the σ-model (5), i.e. L = (GMN + BMN)∂x
M ∂¯xN +RΦ, in
the form13
L = (G′µν +B
′
µν)(x)∂x
µ∂¯xν + (Gmn +Bmn)(x)[∂y
m + A(1)mµ (x)∂x
µ][∂¯yn + A(1)nν (x)∂¯x
ν ]
+ A(2)nµ(x)(∂y
n∂¯xµ − ∂¯yn∂xµ) +RΦ′(x), (27)
where xµ = (t, xs), s = 1, 2, 3, n,m = 1, 2. The four-dimensional string-frame space-time
metric G′µν , the two form-field B
′
µν and the dilaton Φ
′, which includes the shift resulting from
‘integrating out’ yn, as well as the canonical vector potentials A(1)nµ and A
(2)
nµ of the respective
Kaluza-Klein and two-form U(1) gauge fields are related to the fields of the six-dimensional
σ-model (5) in the following way:
G′µν = Gµν −GmnA(1)mµ A(1)nν , B′µν = Bµν − BmnA(1)mµ A(1)nν , (28)
A(1)nµ = G
nmGmµ , A
(2)
nµ = Bnµ −BnmA(1)mµ , Φ′ = Φ−
1
4
∆, ∆ ≡ detGmn. (29)
12In the case of the fundamental string interpretation the direction of the string winding is the
‘boosted’ compact coordinate y′2 = y2+ t, i.e. u = y
′
2− t, v = y′2+ t. Then, e.g., for the one-center
solution one gets K = Q1/r instead of K = 1 +Q1/r used here.
13In the purely ‘electric’ case of f = k = 1, i.e. the case of the chiral null model with flat transverse
part, similar dimensional reduction was discussed in [7]. There, an additional term 2FAs∂u∂¯xs
was also included, leading to non-static, e.g., Taub-NUT or rotating, four-dimensional space-time
metric.
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The four-dimensional Einstein-frame metric is
gµν = e
−2Φ′G′µν , (30)
and the gauge-invariant torsion can be written as [37]:
H ′µνλ = Hµνλ − (A(1)nµ Hnνλ −A(1)mµ A(1)nν Hmnλ + cycl. perms.), (31)
where HMNK is the field strength of the antisymmetric tensor BMN in (5). H
′
µνλ is related
to the four-dimensional axion Ψ by
H ′µνλ ≡ e
4Φ′
√−g ǫ
µνλρ∂ρΨ , (32)
where the indices are raised using gµν and g = detgµν .
B. Four-dimensional background
We shall now express the four-dimensional fields in terms of harmonic functions F−1, K,
f , k−1, the function A and the functions as, bs.
The Einstein-frame metric is found to be of the following form:
ds2E = gµνdx
µdxν = −λ(r)dt2 + λ−1(r)(dr2 + r2dΩ2) . (33)
The structure of the space-time metric is that of an extreme static spherically symmetric
configuration. This indicates that this background corresponds to a BPS-saturated state.
The metric function λ, the dilaton Φ′, and the moduli Gmn, Bmn of the two-torus are
given by
λ = Fk∆−1/2, e2Φ
′
= Ff∆−1/2, ∆ = FKfk −A2F 2, (34)
G11 = fk, G22 = FK, G12 = −B12 = AF. (35)
The description in terms of the four-dimensional fields is valid in the spatial region, where
F,K, f, k and the volume of the two-torus ∆ are all positive. The constraint ∆ > 0 implies
a constraint on the function A: F−1Kfk > A2.
The four four-dimensional U(1) Kaluza-Klein and two-form gauge fields have the follow-
ing components
A(1)1µ = (−AF 2∆−1, as), A(1)2µ = (Ffk∆−1, 0), (36)
A
(2)
1µ = (AF
2fk∆−1, bs), A
(2)
2µ = (F
2Kfk∆−1, 0).
The axion Ψ is determined by:
∂sΨ = Af
−2k−1∂s(fk) . (37)
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C. One-center four dimensional solution
In the case of spherically-symmetric one-center harmonic functions F−1, K, f, k−1 the
explicit solution (15)-(18) yields a class of static spherically-symmetric four-dimensional
backgrounds specified by the five parameters P1, P2, Q1, Q2 and q.
14 These parameters
determine the magnetic P (1,2)m and electric Q
(1,2)
m charges of the corresponding Kaluza-Klein
A(1)mν and two-form A
(2)
mν gauge fields, i.e. A
(i)
mt → −Q(i)m /r as r2 ≡ xsxs → ∞, and A(i)mφ =
(1 − cos θ)P (i)m . As follows from (15)-(18) and the expressions for the gauge fields (36), the
physical charges are related to these five parameters in the following way:15
(Q
(1)
1 , P
(1)
1 ) = (q, P1), (Q
(1)
2 , P
(1)
2 ) = (Q1, 0),
(Q
(2)
1 , P
(2)
1 ) = (−q, P2), (Q(2)2 , P (2)2 ) = (Q2, 0). (38)
Note that the magnetic charges arise from the transverse part of the σ-model (5) and all
the electric charges arise from the chiral null part of (5). When there is no A-coupling term
(q = 0) the electric and magnetic charges are orthogonal, i.e. they are associated with gauge
fields originating from two different compactified directions. The A-coupling induces new
electric charges, but only in a left-moving direction: it leads to non-zero left-moving electric
charge QL 1 ≡ 12(Q
(1)
1 − Q(2)1 ) = q along the magnetic charge direction. The right-moving
charges, i.e. PRn ≡ 12(P (1)n + P (2)n ) and QRn ≡ 12(Q(1)n +Q(2)n ), still remain orthogonal.
The explicit form of the space-time metric function λ, the dilaton Φ′, the axion Ψ and
the moduli Gmn, Bmn of the internal two-torus is:
λ =
r2[
(r +Q1)(r +Q2)(r + P1)(r + P2)− q2[r + 12(P1 + P2)]2
] 1
2
, (39)
e2Φ
′
=
(r + P1)(r + P2)[
(r +Q1)(r +Q2)(r + P1)(r + P2)− q2[r + 12(P1 + P2)]2
] 1
2
, (40)
Ψ =
q(P2 − P1)
2(r + P1)(r + P2)
, (41)
14The five-parameter extreme (BPS-saturated) solution as well as non-extreme solutions of the
effective heterotic string action compactified on six-torus were obtained independently in [38] by
performing a subset of O(8, 24) symmetry transformations of the three-dimensional effective action
on the Schwarzschild black hole background. They serve as generating solutions for all the static
spherically-symmetric configurations of the heterotic string theory compactified on six-torus. The
BPS-saturated solution obtained in [38] is related to the one described in this Section through a
subset of SO(2)×SO(2) ⊂ O(2, 2) (T -duality) and SO(2) ⊂ SL(2, R) (S-duality) transformations.
15In this Section we assume that α′ = 2, eΦ
′
∞ = 1, the Newton’s constant GN =
1
8α
′eΦ
′
∞ = 14 and
the compactification radii R1 = R2 =
√
α′ =
√
2.
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G11 =
r + P2
r + P1
, G22 =
r +Q1
r +Q2
, G12 = −B12 =
q[r + 1
2
(P1 + P2)]
(r +Q2)(r + P1)
. (42)
Note that this one-center solution is written with the following choice of the asymptotic (r →
∞) values for the fields: Φ′∞ = Ψ∞ = G12∞ = B12∞ = 0 and G11∞ = G22∞ = 1. Solutions
with other aymptotic values of the axion-dilaton and moduli fields are related to this one
by a particular SL(2, R) (S-duality) and O(2, 2) (T -duality of two-torus) transformations,
respectively.
Regular solutions, i.e. solutions with event horizons, are determined by choosing the four
parameters P1,2, Q1,2 to be positive:
P1 > 0, P2 > 0, Q1 > 0, Q2 > 0, (43)
and q satisfying the following constraint:
Q1Q2 − q2 > 0, (Q1Q2 − q2)P1P2 − 1
4
q2(P1 − P2)2 > 0. (44)
Regular solutions,16 i.e. those satisfying all the inequalities (43),(44), have an event horizon
at r = 0 and a time-like singularity at negative r = rsing (−min{P1, P2, Q1, Q2} < rsing < 0
for q 6= 0 and rsing = −min{P1, P2, Q1, Q2} for q = 0), i.e. the global space-time is that of
extreme Reissner-Nordstro¨m black holes. In the case when any of the charge combinations
in (43),(44) is zero, the singularity is null and located at r = 0, i.e. the horizon and the
singularity coincide. In the case of only one non-zero parameter in (43) the singularity at
r = 0 is naked. When at least one of the charge combinations in (43),(44) becomes negative
the solutions are singular with a naked singularity at r > 0.
However, we would like to emphasize that for small r the effective four-dimensional
description breaks down and the solution becomes effectively six-dimensional. Therefore the
nature of singularities should be re-addressed from the point of view of the six-dimensional
string theory, using string-frame metric (cf. [39]). For r ≥ 0, the regular solutions satisfying
(43),(44) are always nonsingular. This is a reflection of the regularity of the underlying
six-dimensional conformal σ-model discussed in Section II.
In the following we shall concentrate on regular solutions. The asymptotic value of the
metric coefficient λ (39) is of the form:
λ = 1− MADM
2r
+O(r−2), (45)
where the ADM mass
MADM = Q1 +Q2 + P1 + P2 (46)
does not depend on q. It saturates the Bogomol’nyi bound [22,40] and corresponds to the
BPS-saturated state that preserves 1
4
of the original N = 4 target space supersymmetry.
Scalar fields (40)-(42) have the following asymptotic behaviour
16The space-time properties of regular solutions with q = 0 were studied in Ref. [22].
14
e2Φ
′
= 1 +
(P1 + P2 −Q1 −Q2)
2r
+O(r−2), Ψ = q(P2 − P1)
2r2
+O(r−3), (47)
G11 = 1 +
(P2 − P1)
r
+O(r−2), G22 = 1 + (Q1 −Q2)
r
+O(r−2), (48)
G12 = −B12 = q
r
+O(r−2). (49)
Note that the dilaton and all the two-torus moduli have non-zero scalar charges, while the
axion charge is zero.
The area of the event horizon, i.e. A ≡ 4π(λ−1r2)r=0, is
A = 4π
[
(Q1Q2 − q2)P1P2 − 1
4
q2(P1 − P2)2
] 1
2
. (50)
For q 6= 0 the area is decreased compared to its value for q = 0.
At the horizon at r = 0 all the scalars, i.e. the axion Ψ (41), the dilaton Φ′ (40) and the
moduli (42) are constant. Note that unlike for pure electric or pure magnetic configurations,
where Φ′ grows either at small or at large distances, here eΦ
′
can be chosen to be small in
the whole region r ≥ 0.
The T -self-dual case with Q1 = Q2 = Q, P1 = P2 = P deserves a special discussion.
In this case the moduli G11 and G22 (42) remain constant. For q = 0 and Q = P it
corresponds to the extreme Reissner-Nordstro¨m-type dyonic black hole with all scalar fields
being constant [22,25]. In this case the six-dimensional σ-model (5),(27) takes a particularly
simple form discussed in [25]. For Q = P the six-dimensional dilaton (18) is constant, but if
q 6= 0 the moduli G12 = −B12, and thus also the four-dimensional dilaton Φ′, are no longer
constant. The area of the horizon in this case is given by A = 4πP
√
Q2 − q2.
IV. ALL BPS SATURATED STATIC BLACK HOLE SOLUTIONS OF
HETEROTIC STRING COMPACTIFIED ON SIX-TORUS
The five-parameter solution obtained in Section III turns out to be a generating solution
for all static spherically-symmetric BPS-saturated configurations of the four-dimensional
heterotic string compactified on six-torus. These solutions can be obtained by applying a
subset of T -duality (O(6, 22)) and S-duality (SL(2, R))) transformations to the generating
solution. It should be noted, however, that while the generating solution is described by
an exact conformal σ-model (5), (6), these more general BPS-saturated backgrounds are
guaranteed only to be solutions of the leading-order effective string equations. Indeed, in
contrast to the T -duality transformations, the S-duality transformations do not, in general,
map one conformal σ-model into another.
A. Effective four-dimensional action
The effective four-dimensional heterotic string compactified on six-torus has N = 4
supersymmetry. The bosonic part of the leading term in the effective action has the following
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form (for a review see [41] and references therein):
S =
1
16πGN
∫
d4x
√−g
[
R(g)− 2∂µΦ′∂µΦ′ − 1
12
e−4Φ
′
H
′
µνρH
′µνρ
− 1
4
e−2Φ
′F iµν(LML)ijF jµν +
1
8
Tr(∂µML∂
µML)
]
. (51)
The action (51) depends on massless four-dimensional bosonic fields, which are determined in
terms of the following dimensionally reduced ten-dimensional fields: Zehnbein EˆAM , dilaton
Φ, two-form field BMN and U(1)
16 gauge fields AIM (M,N = 0, ..., 9; I = 1, ..., 16). The
Ansatz for the Zehnbein is of the form
EˆAM =
(
eΦ
′
eαµ A
(1)m
µ e
a
m
0 eam
)
,
where A(1)mµ (m = 1, ..., 6; µ = 0, ..., 3) are Kaluza-Klein U(1) gauge fields, Φ
′ = Φ− 1
2
lndeteam
is the four-dimensional dilaton field, and gµν = e
α
µe
α
ν is the Einstein frame metric. Other
components of 28 U(1) gauge fields Aiµ ≡ (A(1)mµ , A(2)µm, A(3) Iµ ) are defined as A(2)µm ≡ Bµm +
BmnA
(1) n
µ +
1
2
aImA
(3) I
µ , A
(3) I
µ ≡ AIµ − aImA(1)mµ with the field strengths F iµν = ∂µAiν − ∂νAiµ.
The two-form field with the field strength H
′
µνρ = 3(∂[µBνρ] +
1
2
A[µLFνρ]) is equivalent to
a pseudo-scalar (the axion) Ψ through the duality transformation H
′µνρ = e
4Φ
′
√−gε
µνρσ∂σΨ.
A symmetric O(6, 22) matrix M of scalar (moduli) fields can be expressed in terms of the
following O(6, 22) matrix V [37]
M = V TV, V =


E−1 E−1C E−1aT
0 E 0
0 a I16

 , (52)
where E ≡ [eam] (the Sechsbein of the internal metric Gmn), C ≡ [12AImAIn + Bmn] and
a ≡ [AIm]. V plays a role of a Vielbein in the O(6, 22) target space.
The four-dimensional effective action is invariant under the O(6, 22) transformations
(T -duality) [37,41]:
M → ΩMΩT , Aiµ → ΩijAjµ, gµν → gµν , S → S, (53)
where S ≡ Ψ+ ie−2Φ′ and Ω ∈ O(6, 22) is an O(6, 22) invariant matrix,
ΩTLΩ = L , L =


0 I6 0
I6 0 0
0 0 −I16

 . (54)
In addition, the corresponding equations of motion and Bianchi identities are invariant under
the SL(2, R) transformations (S-duality) [41]:
S → aS + b
cS + d
, M →M, gµν → gµν , F iµν → (cΨ+ d)F iµν + ce−2Φ
′
(ML)ijF˜ jµν , (55)
where F˜ i µν = 1
2
√−gε
µνρσF iρσ and a, b, c, d ∈ R satisfy ad− bc = 1. At the quantum level, the
parameters of both T - and S-duality transformations become integer-valued.
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B. General class of dyonic solutions generated by duality transformations
Static spherically-symmetric solutions corresponding to the effective action (51) are de-
scribed by the Ansatz (33) for the four-dimensional space-time metric, the dilaton-axion
field S and the moduli fields M , which depend only on the radial coordinate r, and by
28 electric and 28 magnetic U(1) gauge fields. The Maxwell’s equations and the Bianchi
identities determine the components of the U(1) field strength to be
√
2F itr = 4GN
e2Φ
′(r)λ(r)
r2
Mij(αj +Ψβj),
√
2F iθφ = Lijβj sin θ, (56)
which are expressed in terms of the conserved charge vectors ~α and ~β. The electric and
magnetic charges
~P T ≡ (P (1)m ;P (2)m ;P (3)I ), ~QT ≡ (Q(1)m ;Q(2)m ;Q(3)I ), (57)
are related to the charge vectors ~α and ~β in the following way [42]:
√
2Qi = e
2Φ′
∞Mij∞(αj +Ψ∞βj),
√
2Pi = Lijβj , (58)
where the subscript ∞ refers to the asymptotic (r → ∞) values of M and Ψ and we have
assumed that α′ = 2, GN = 18α
′e2Φ
′
∞ = 1
4
e2Φ
′
∞ .
The equations of motion are invariant under both T - and S-duality transformations.
Therefore, one can generate new supersymmetric solutions by applying O(6, 22) and
SL(2, R) transformations to some known solution. This is the technique [14,22,38]17 which
was used previously to obtain a general class of BPS-saturated backgrounds. In particular,
starting with the four-parameter BPS-saturated solution one finds [22] a general class of
BPS-saturated black hole solutions with 28 electric and 28 magnetic charges subject to one
constraint. Here we follow the same procedure to obtain the most general BPS-saturated
solution starting with the five-parameter solution of Section III. We shall consider regular
solutions with event horizons. In particular, we shall determine the expression for the ADM
mass formula and for the area of the event horizon for the most general BPS-saturated
configuration in this class.
Without loss of generality one can bring [41] arbitrary asymptotic values of the moduli
and axion-dilaton fields to the form M∞ = I and S∞ = i by performing the following
O(6, 22) and SL(2, R) transformations:
M∞ → ΩˆM∞ΩˆT = I, S∞ → (aS∞ + b)/d = i. (59)
Here Ωˆ ∈ O(6, 22), ad = 1, and in quantized theory the charge lattice vectors will belong
to the new transformed lattice. Then the subsets of O(6, 22) and SL(2, R) transformations
that preserve the above new asymptotic values of M∞ and S∞ are O(6)×O(22) and SO(2)
17Analogous techniques, employing the symmetries of the effective four-dimensional as well as
three-dimensional action of the (4+n)-dimensional Abelian Kaluza-Klein theory were used [43] to
obtain all static spherically-symmetric black holes in that theory.
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transformations, respectively. Note that configurations obtained in that manner have the
same four-dimensional space-time structure and thus the same singularity and thermal prop-
erties as the generating solution. To find solutions with arbitrary asymptotic values of M
and S one has to undo the above transformations.
The four-dimensional black hole background corresponding to the solitonic string solution
described in Sections II and III is parameterised by the two magnetic P
(1,2)
1 and the four
electric Q
(1,2)
2 and Q
(1)
1 = −Q(2)1 ≡ q charges, i.e.
~QT = (q, Q1, 0, ..., 0;−q, Q2, 0, ..., 0; 0, ..., 0), ~P T = (P1, 0, ..., 0;P2, 0, ..., 0; 0, ..., 0).
In Section III the asymptotic values of the moduli and the dilaton-axion fields were already
chosen to be of the formM∞ = I, S∞ = i. This background can now be used as a generating
solution for the most general set of solutions in this class.
As a first step, one applies a subset of O(6)× O(22) ⊂ O(6, 22) transformations which
correspond to SO(6)/SO(4) transformations with 9 parameters and SO(22)/SO(20) trans-
formations with 41 parameters, which, along with 5 original charges, give a configuration
with 56 (28 electric ~Q and 28 magnetic ~P ) charges subject to one constraint. After one has
undone the transformation (59), so that M∞ and S∞ become arbitrary, this constraint can
be cast into the following O(6, 22) (T -duality) invariant form:
~P TM+ ~Q = 0 , M± ≡ LM∞L± L . (60)
The ADM mass (46) of the generating solution can be written in the following O(6, 22)
invariant form:
M2ADM = e
−4Φ′
∞
[
( ~QTM+ ~Q) 12 + (~P TM+ ~P ) 12
]2
. (61)
The area of the event horizon A (50) for the regular generating solution can also be cast in
the O(6, 22) invariant form:
A = 2π
[
(~P TL~P )( ~QTL~Q)− 1
4
(~P TM− ~Q)2
] 1
2
. (62)
Using the charge constraint (60) one can replace the term (~P TM− ~Q) in (62) by
2(~P T (LM∞L) ~Q) and represent (62) in the following SL(2, R) (S-duality) invariant form:
A = 2π
[
(~P TL~P )( ~QTL~Q)− (~P T (LM∞L) ~Q)2
] 1
2
. (63)
The subsequent SO(2) ⊂ SL(2, R) transformation provides one more parameter, which re-
moves the charge constraint (60). The most general configuration in this class has then 56
parameters specified by unconstrained 28 electric ~Q and 28 magnetic ~P charges. This con-
figuration thus corresponds to the most general spherically-symmetric static BPS-saturated
black hole solution consistent with the no-hair theorem.
The SO(2) ⊂ SL(2, R) transformation allows one to write the ADM mass formula in the
following O(6, 22) and SL(2, R) invariant form [22,40]:
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M2ADM = e
−4Φ′
∞
(
~QTM+ ~Q + ~P TM+ ~P + 2
[
(~P TM+ ~P )( ~QTM+ ~Q)− (~P TM+ ~Q)2
] 1
2
)
. (64)
Note that when the magnetic and electric charges are parallel in the SO(6, 22) sense, i.e.
~P ∝ ~Q, the ADM mass (64) corresponds to the mass of the BPS-saturated black holes
which preserve 1
2
of N = 4 supersymmetry (see, e.g., [41]). In the case when the magnetic
and electric charges are not parallel, the mass is larger and the configurations preserve 1
4
of
N = 4 supersymmetry.
The area of the event horizon (63) is already invariant under the SL(2, R) transformations
and thus remains of the same form. The general expression for the area reduces to the special
form when the charge configurations are constrained. Regular configurations with ~P ∝ ~Q,
i.e. BPS-saturated states which preserve 1
2
of N = 4 supersymmetry, have zero area of the
event horizon.
Another example is provided by the most general solutions with zero axion [22]. Those are
backgrounds obtained from the four-parameter generating solution with q = 0 by applying
a subset of O(6, 22) transformations. They are specified by 28 electric and 28 magnetic
charges subject to two constraints: ~P TM+ ~Q = 0 and ~P TM− ~Q = 0 [22]. Thus, in this
case ~P T (LM∞L) ~Q = 0, and only the first term in the expression (63) is present, as pointed
out in [26]. In general, the area of the event horizon is decreased by an additional positive
definite term which measures the orthogonality of the magnetic and electric charge vectors.
C. ADM mass and area of horizon in terms of conserved charges
As the last step, we can express the ADM mass formula (64) and the area of the event
horizon (63) in terms of the conserved electric ~α and magnetic ~β charge vectors, thus allowing
to study their dependence on the asymptotic values of the the axion-dilaton S∞ and moduli
M∞ fields. Since ~P and ~Q are related to the conserved charge vectors ~α and ~β through (58),
the ADM mass formula (64) can be written as:
M2ADM =
1
2
~˜α
T
µ+~˜α +
1
2
e−4Φ
′
∞~βTµ+~β + e
−2Φ′
∞
[
(~βTµ+~β)(~α
Tµ+~α)− (~βTµ+~α)2
] 1
2 , (65)
where ~˜α ≡ ~α + Ψ∞~β and µ± ≡ M∞ ± L. Similarly, the area of the event horizon (63) and
thus the black hole entropy can be represented as:18
A = πe2Φ
′
∞
[
(~βTL~β)(~αTL~α)− (~βTL~α)2
] 1
2
, S =
A
4GN
(66)
Both the ADM mass (65) and the entropy (66) can be cast in the manifestly T - and
S-duality invariant form as:19
18The four-dimensional dilaton value at the event horizon is also a moduli- and coupling-
independent quantity: e2Φ
′(0) = ~βTL~β [(~βTL~β)(~αTL~α)− (~βTL~α)2]− 12 .
19We would like to thank C. Hull for discussions on that point.
19
M2ADM = (8GN)
−1
(
M∞ ab(~vaTµ+~vb) +
[
2LacLbd(~vaTµ+~vb)(~vc Tµ+~vd)
] 1
2
)
, (67)
S =
A
4GN
= π
[
1
2
LacLbd(~vaTL~vb)(~vc TL~vd)
] 1
2
. (68)
Here M∞ is the asympotic value of the axion-dilaton matrix M, and L is the SL(2, R)
invariant matrix. M and L are of the following form:
M = e2Φ′
(
1 Ψ
Ψ Ψ2 + e−4Φ
′
)
, L =
(
0 1
−1 0
)
, (69)
and the (quantised) charge vector ~vT = (~v1T , ~v2T ) ≡ (~αT , ~βT ). M and ~v transform under
the SL(2, R) transformation ω =
(
d c
b a
)
(ad− bc = 1) as [41]
M→ ωMωT , ~v → LωLT~v. (70)
An important observation is that while for fixed values of the charge vectors ~α and ~β the
ADM mass (67) changes under the variations of the moduli and string coupling, the entropy
remains the same as one moves in the moduli and coupling space. The fact the entropy
is an invariant quantity is consistent with the expectation that the internal structure of a
BPS-saturated black hole should not change under variations of moduli and couplings.
This invariance indicates [26] that the classical entropy may have a statistical interpre-
tation in terms of a number of degenerate black-hole configurations: being an integer such a
number would not change under adiabatic variations of moduli and axion-dilaton couplings.
Indeed, the combination of charges (~βTL~β)(~αTL~α) − (~βTL~α)2 which appears in (68) is ex-
pected to be an (even) integer. Following [41], one may attempt to justify this by using the
analogy with the level matching condition for the elementary BPS-saturated string states of
toroidally compactified heterotic string and the Dirac-Schwinger-Zwanziger-Witten (DSZW)
[42] quantisation condition. In the case of the generating solution described by the conformal
model discussed in Section II, the quantisation of charges is implied by the consideration of
the conformal theory corresponding to the throat region (cf. Section II.B).
Note that the purely electric BPS-saturated black holes preserve 1
2
of N = 4 supersym-
metry and have the same quantum numbers [8,9] as the elementary BPS-saturated string
states with no excitations in the right sector (NR =
1
2
). In the electric case the quantised
charge vector ~α is constrained to lie on an even self-dual lattice with the norm [14]
~αTL~α = 2NL − 2 = −2, 0, 2, ... . (71)
The DSZW charge quantisation condition then implies an analogous constraint for ~βTL~β.
The necessary conditions for a BPS-saturated configuration to be regular with a non-zero
area of the event horizon are
~αTL~α > 0 , ~βTL~β > 0 , (~βTL~β)(~αTL~α)− (~βTL~α)2 > 0. (72)
The latter constraint becomes an equality for the BPS-saturated configurations preserving
1
2
of N = 4 supersymmetry (i.e., for quantized charges, when ~α ∝ ~β with magnetic and
electric charge vector components being co-prime integers [41]).
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V. STRING ORIGIN OF DYONIC BLACK HOLE ENTROPY
One of the motivations behind the above discussion of the five-parameter dyonic static
spherically-symmetric BPS-saturated black hole as a four-dimensional ‘image’ of an exact
solitonic string solution in six dimensions is to try to use information about the underlying
conformal theory in order to give a statistical interpretation to the black hole entropy. The
aim is to extend and amplify the recent interesting proposal [26] along these lines which
generalise an earlier suggestion [14] (see also [15]). The discussion in [26] was based on a
subset of BPS-saturated dyonic black holes of heterotic string on six-torus, namely the most
general configurations with zero axion. Those can be obtained by T -duality transformations
on the four-parameter, i.e. q = 0, generating solution considered in [22,25]. The expressions
for the area and the entropy of these solutions correspond to a special case of (68) with
~βTL~α = 0. We expect that the inclusion of the new parameter q should reveal certain more
general aspects of the relation between the entropy and the degeneracy of black hole states.
Just as in the case of purely electric BPS-saturated black holes whose entropy may be
qualitatively understood as being a consequence of degeneracy of states originating from
oscillations of the fundamental string [8,9], one would like to explain the entropy of the
dyonic BPS-saturated black holes in terms of degeneracy of states originating from small-
scale oscillations of the underlying six-dimensional string soliton.
It was already emphasized in Section I that an important advantage of the dyonic black
holes, studied in Sections III and IV, over the electric ones, considered in [14,16,8,9], is
that the magnetic charges provide a short-distance ‘regularisation’ of the metric and that
the dilaton is approximately constant.20 As a result, one may hope to understand the
statistical origin of the black hole entropy starting directly from string theory and using
only semiclassical considerations.
A. Statistical entropy and magnetic renormalisation of α′
Let us consider the case when all the charges are large and the magnetic charges P1, P2 are
approximately equal. Since the value of the dilaton at the r = 0 horizon is e2Φ0 = e2Φ∞P2Q
−1
2
(cf. (18)) to get a small value for the string coupling in the horizon region one needs to
assume that Q2 is also large. Then the expression for the thermodynamic black-hole entropy,
20The presence of the magnetic charges provides a ‘regularisation’ making it unnecessary to resort
to ‘stretched horizon’ considerations used in the case of purely electric extreme black holes [14,16].
There is a certain analogy between the present dyonic model and the conjectured modification
(by world-sheet α′-corrections) of the purely electric model [14]. Consideration of the stretched
horizon region corresponds effectively to a shift r → r + √α′ in (part of) the metric. Analogous
regularisation of singularities of the fundamental string and extreme electric black hole solutions was
suggested in [12]. Turning on magnetic charges P1 = P2 = P can be represented as a replacement
of one of the r2-factors in the metric by (r + P )2. Then the r = 0 region becomes non-singular
provided all four charges (Qn, Pn) are non-vanishing.
21
proportional to the area of the horizon (50), is of the form:21
S =
A
4GN
≈ π
GN
[
P1P2(Q1Q2 − q2)
] 1
2
. (73)
One would like to relate the combination of charges in (73) to the number of ‘microscopic’
string configurations giving rise to the same black hole solution at large distances. In the case
of the fundamental string states of toroidally compactified heterotic string the combination
of charges Q1Q2 − q2 would be related to the number of the left-moving string oscillation
modes NL, i.e. (Q1Q2−q2) ≈ 14α′NL (we assume that both charges and NL are large and set
GN =
1
8
α′, eΦ
′
∞ = 1). The key observation is that in the present case the horizon (throat)
region r → 0 is actually described by the SL(2, R)×SU(2) WZW-type model (20) with the
level, i.e. the coefficient in front of the action, κ = 4
α′
P1P2 (22). For large P1P2, the level
κ is large and the spectrum of string excitations in this region should be approximately the
same as in the flat space, but with the renormalised string tension (in the ‘transverse’ part
of the action)
1
α′
→ 1
α′∗
=
P1P2
α′R21
=
P1P2
α′2
, (74)
where we have set R1 =
√
α′. Then Q1Q2 − q2 ≈ 14α′∗NL, or, equivalently,
P1P2(Q1Q2 − q2) ≈ 1
4
α′2NL. (75)
At the same time, the value of the Newton’s constant is determined by the asymptotic
r →∞ region and thus remains unchanged, i.e. GN = 18α′. As a result, the thermodynamic
entropy (73) takes the form of the statistical entropy22
21The assumption P1 ≈ P2 implies that the second term under the square root in (50),(68) can
be neglected.
22The number of BPS states in the free heterotic string spectrum with a given left-moving oscillator
number NL ≫ 1 is d(NL)NL≫1 ≈ aNνL exp(2π
√
1
6ceffNL), where ceff = Dcrit − 2 = 24. In type
II theory ceff =
3
2 (Dcrit − 2) = 12, however, there are both left- and right-moving BPS states in
the free string spectrum. In contrast to the free string case, the number of BPS oscillation states
counted in our case should be the same in the heterotic and type II theories. Namely, the relevant
marginal perturbations are only ‘left-moving’, not ‘right-moving’, i.e. the functions in the sigma-
model action can depend only on u, not on v to preserve the conformal invariance when both F and
K functions are non-trivial. This is also related to the fact that the background is ‘chiral’ and has
the same amount of space-time supersymmetry in both theories, and therefore only ‘left-moving’
perturbations will be supersymmetric. As a result, one should expect that the entropy should be
the same in heterotic and type II cases, in agreement with the fact that the corresponding black
hole solution and thus also its thermodynamic entropy is the same in two theories. This suggests
that the effective value of the product ceffNL should be the same in the two theories. How this
actually happens for the σ-model describing the horizon region remains to be understood.
22
S = ln d(NL)NL≫1 ≈ 4π
√
NL . (76)
This argument generalises the one in [26] to the case of an extra electric parameter q and
also explains the ‘magnetic’ renormalisation of the string tension [26] by direct consideration
of the underlying conformal model in the horizon (throat) region.
It was also suggested in [26] that there may exist an interpolating formula for the entropy
which would be valid for arbitrary values of charges and would reproduce the stretched
horizon entropy [14,16] in the limit of vanishing magnetic charges. The idea was to use the
S-duality for the specific example of charge configurations, obtained from the generating
solution with q = 0, and to conjecture that in general the P1P2-factor should be replaced by
P1P2+α
′, so that the renormalised string tension should be of the form 1
α′∗
= 1
α′
(1+ 1
α′
P1P2).
The ‘quantum’ shift by α′ can be viewed as a modification of the purely electric model (where
the area of the horizon at r = 0 is zero) corresponding to the prescription of evaluation of
the entropy at the stretched horizon at r =
√
α′. This proposal, however, does not seem to
apply to the general class of solutions obtained from the five-parameter generating solution
with q 6= 0. In this case one gets a more general expression for the area of the event
horizon (50),(68) than the one assumed in [26].23 The general quantum formula for the
entropy, valid for large as well as small magnetic charges and thus interpolating between
the classical general expression (68) and the one for purely electric configurations evaluated
at the stretched horizon (A = 2π
√
2~αTL~α) [14,16], should involve a non-trivial mixture of
electric and magnetic charges.
B. Origin of degeneracy: more general ‘oscillating’ solutions
The dyonic black hole is an approximate four-dimensional description of the six-
dimensional string soliton represented by the conformal model (5). The origin of the ‘internal
degrees of freedom’ of the black hole or a degeneracy of configurations with fixed values of
global charges, which explains the statistical nature of its entropy, should be related to the
existence of different six-dimensional string configurations which have the same structure at
scales larger than compactification scale. Such solutions should be represented by marginal
deformations of the soliton theory which do not change the values of the asymptotic black
hole charges.
As in the case of purely electric BPS-saturated black holes described by the five di-
mensional fundamental string solutions, one should look for more general conformal models
which include (left-moving) oscillations, e.g., in a compact dimension [8,9]. Since these more
general solutions explicitly depend on a compact internal coordinate, they can be represented
as solutions of lower-dimensional theory with massive Kaluza-Klein fields having non-trivial
background values. At scales larger than the compactification scale these backgrounds will
23According to [26] the level matching condition should remain essentially the same as in flat
space, i.e. α′NL = 4(Q1Q2 − q2 + ...), while the magnetic charges should enter through the
modification of the string tension mentioned above. This would imply that A ≈ 4π√NL, NL =
(1 + 4α′P1P2)[1 +
4
α′ (Q1Q2 − q2)]. The general expression for the area (50),(68) does not seem to
be consistent with such a factorisation.
23
have the same structure as the BPS-saturated black hole, but the degeneracy will be lifted
once one starts measuring external fields with resolution comparable to the compactification
scale [8].
Like the oscillating versions of the fundamental string solution correspond to the excited
(but still supersymmetric BPS-saturated) states of the heterotic string with flat transverse
space [10,9], similar generalisations of the model (5),(6) should represent the BPS-saturated
excited states of the string soliton with nontrivial transverse (‘magnetic’) space.
Remarkably, a class of supersymmetric generalisations of the soliton model (5),(6) can be
obtained in the same way as in the fundamental string case, by allowing the functions K and
Ai in (1) (e.g. K and A in (5)) to depend also on u.24 In the case of the flat transverse space
this corresponds to the generalised fundamental string solution with waves traveling along
the string as well as fluctuations in the compact and non-compact flat spatial directions (see
[8,9] and references therein).
Starting with the spherically-symmetric one-center model (15),(16) the simplest possi-
bility is to add a u-dependent, but linear in xs term in K (note that the equation for K (11)
does not depend on the functions of the transverse theory) and to replace the constants Q1
and q in K and A by arbitrary functions of u (there is no extra constraint since the term
∂u∇iAi in the equation for K in (2) vanishes in the spherically-symmetric case)
K(u, x) = 1 + fs(u)x
s +
Q1(u)
r
, A(u, x) =
q(u)
r
· r +
1
2
(P1 + P2)
r + P1
. (77)
Here Q1(u) = Q1 + Q˜1(u), q(u) = q + q˜(u).
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For simplicity, let us ignore oscillations in the non-compact dimensions, i.e. fs = 0. In
the fundamental string case (P1 = P2 = 0) one expects the ‘matching condition’
26
Q1(u)Q2 − q2(u) = 0, (78)
which, after averaging in the compact coordinate u, can be put in the form of the (classical)
level matching condition for the elementary string states27
24There exists, in principle, a possibility of including a u-dependence also in the functions
Gij , Bij , φ in (1) (i.e. in the functions f, k in (6)) which define the transverse conformal the-
ory. In this case one finds a non-trivial second-order differential equations in u [27] which should
be satisfied by f(u, x), k(u, x). As a result, only a special dependence on u may be allowed in the
‘magnetic’ part of the model.
25The asymptotic flatness of the background can be restored by a coordinate transformation
(xs → xs − f˜ s(u), ∂2uf˜ s ∼ f s, etc.) as in [8,9]. Note also that in general the u-dependent part of
K can be traded for the Ai-perturbation in (1) by making a redefinition of v [6].
26It can be imposed either by requiring that the r = 0 singularity of the higher-dimensional
background should be null [8] or by using string source considerations [9] and T -duality (see also
the next footnote).
27This relation should already hold in the bosonic string case. In fact, Q1 plays the role of the
24
4α′
(Q1Q2 − q2) = NL, NL ≡ 4
α′
< q˜2(u) > . (79)
Analogous level matching condition should exist for excited states of the soliton theory with
non-vanishing P1,2.
28 Since now the horizon region is described by a well-defined conformal
theory, the constraint should be just the level matching condition for the corresponding
states of the generalised WZW-type theory (20). For example, replacing q in (19),(21) by a
periodic function of u = y2, q → q + q˜(y2) corresponds to adding to (19) the perturbation
(cf. (20),(21))
2q˜(y2)∂y˜2[∂¯y1 + P1(1− cos θ)∂¯ϕ] = 2P1q˜(y2)∂y˜2J¯3. (80)
It is marginal for any q˜(y2) because of the presence of the e
−z∂y2∂¯t-term in (20). By analogy
with the fundamental string case we expect that for large level κ (22) the corresponding state
in the soliton string spectrum should also satisfy
κ(Q1Q2 − q2) = 4
α′
P1P2(Q1Q2 − q2) ∼< q˜2(u) >∼ NL. (81)
The main difference compared to (79) is again the renormalisation of the string tension by
P1P2, in agreement with the suggestion in [26]. The relation (81) provides an interpretation
of (part of) the degeneracy NL in (75) in terms of (classical) oscillations of the underlying
soliton in the internal y2-direction. Further study of marginal BPS-saturated perturbations
of the soliton model is important for making the statistical interpretation of the black hole
entropy (73) more quantitative.
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momentum along the string. Since Q1 and Q2 are interchanged by T -duality in u = y2-direction,
Q2 should be an analogue of the winding number. Then their product should be proportional to
the difference of the left-moving (NL) and right-moving (NR) oscillation numbers. In heterotic
string case there are no classical oscillations in the right-moving sector, i.e. NR = 0.
28Although the higher-dimensional soliton background is non-singular at r = 0 if Q1Q2P1P2 6= 0 it
may still be possible to derive such a level matching condition from some geometrical considerations,
cf. [26].
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